The most up to date femto-and micro-lensing constraints indicate that primordial black holes of ∼ 10 −16 M and ∼ 10 −12 M , respectively, may constitute a large fraction of the dark matter. We describe analytically and numerically the dynamics by which inflationary fluctuations featuring a time-varying propagation speed or an effective Planck mass can lead to abundant primordial black hole production. As an example, we provide an ad hoc DBI-like model. A very large primordial spectrum originating from a small speed of sound typically leads to strong coupling within the vanilla effective theory of inflationary perturbations. However, we point out that ghost inflation may be able to circumvent this problem. We consider as well black hole formation in solid inflation, for which, in addition to an analogous difficulty, we stress the importance of the reheating process. In addition, we review the basic formalism for the collapse of large radiation density fluctuations, emphasizing the relevance of an adequate choice of gauge invariant variables.
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Introduction
The recent LIGO and VIRGO detections of binary black hole (BH) mergers in the approximate range of 7 to 36 M [ [1] [2] [3] [4] [5] have spurred a renewed interest on the idea that primordial black holes (PBHs) could contribute to the dark matter (DM) of the Universe [6] [7] [8] . By PBHs we refer to BHs that have not formed as the endpoint of an astrophysical process (e.g. the collapse of a star) and that are old enough; in particular older than the epoch of nucleosynthesis; dating back to a redshift larger than ∼ 10 9 . PBHs may have formed in the early Universe through a variety of mechanisms, such as the collapse of cosmic string loops [9, 10] , bubble wall collisions from phase transitions [11] and large density fluctuations [12] [13] [14] . In this work we will focus on the third possibility and, more concretely, on fluctuations originating on the dynamics of primordial inflation. If such perturbations are sufficiently large they can form BHs after inflation ends, when the comoving wavelength, k, that characterizes them becomes comparable to the Hubble scale. The mass of these BHs is inversely proportional to k 2 and, given that inflation is assumed to last at least N ∼ 50 − 60 e-folds and k ∼ exp N , the possible range of their masses is, a priori, huge.
A lower limit on the mass of PBHs is imposed by Hawking radiation [15, 16] because PBHs lighter than ∼ 10 −18 M would not survive until today. Moreover, the existence of a large population of PBHs heavier than ∼ O(10)M that could be of any relevance for the DM problem is excluded by several constraints; particularly their effects on the Cosmic Microwave Background (CMB) [17] [18] [19] , dwarf galaxies data [20] [21] [22] , lensing of SNIa [23] , 1 observations in X-rays of our galaxy [25] , wide binaries' orbital data [26] and pulsar timing [27] . Importantly, the BH merger rate estimates derived from the LIGO/Virgo observations [28] [29] [30] set -through the mechanism described in [31] (see also [32] )-what at face value are the strongest constraints on the abundance of PBHs in that range [33] [34] [35] [36] [37] . This still leaves about 21 orders of magnitude in mass to explore in between the evaporation and stellar mass limits. In this broad range, the abundance of PBHs is also constrained by different observations, notably microlensing studies by EROS/MACHO [38] and Subaru [39] . The range of masses that goes approximately from 10 −16 M to 10 −14 M was thought to be limited by femtolensing of gamma-ray bursts [40] until very recently. Interestingly, the actual constraining power of this data and part of the Subaru data (also relevant in that range) is currently under scrutiny due to several lensing effects that had not been properly accounted for in earlier works. In particular, it has recently been shown in [41] that the range of PBH masses going approximately from 10 −16 M to 10 −14 M is currently unconstrained. It has also been pointed out in [42] that the range from 10 −13 M to 10 −10.5 M , which could potentially be constrained by Subaru [39] , is open as well because it requires a proper analysis of a so-called "wave effect", which is lacking at the moment. 2 The possibility exists that a very significant fraction of the DM (∼ 100%) could be constituted by PBHs in these mass ranges. See [44] for a concrete single-field model of inflation capable of producing a large abundance of PBHs in that range.
Beyond the motivation for PBHs as a DM candidate, much heavier O(10)M PBHs may also turn to be important for understanding current and near-future detections of binary mergers through gravitational waves. In particular, the identification of a merger component with a mass clearly below 1M could hardly be explained with astrophysical formation mechanisms. Moreover, within the context of inflation, the detection of PBHs (or lack thereof) can be thought as a probe of very high energy physics operating during the early Universe. As inflationary subproducts, PBHs would be a window open today into the Universe at distance scales that are inaccessible through the CMB and large scale structure (LSS) studies such as galaxy clustering.
The part of the spectrum of primordial fluctuations that we have already measured with those probes has been found to be nearly scale invariant, Gaussian and adiabatic. Very importantly, it also features a tiny O(10 −9 ) amplitude, inferred from the CMB temperature anisotropies [45] . However, abundant PBH production from inflation is thought to require a significant enhancement of this amplitude (by several orders of magnitude, as we will discuss later). This implies that the approximate scale invariance of the spectrum at very large (CMB and LSS) scales needs to be broken at the smaller scales at which PBHs would form. In canonical single-field models of inflation this can occur if the inflationary potential has a near inflection point [44, [46] [47] [48] [49] [50] [51] [52] , which quite generically alters the standard slow-roll dynamics [44, 53, 54] . In spite of this, the basics of the enhancement mechanism can be qualitatively understood noting that the primordial spectrum in the slow-roll approximation is, basically, inversely proportional to = −Ḣ/H 2 , where H is the Hubble expansion rate andḢ is its time derivative. For an approximately constant H, the function is proportional toφ 2 , where φ is the background value of the inflaton field. Classically, an approximate inflection point -or a plateau that makes the potential flatter than at CMB scales, as it was already suggested in [55] -makes the field slow down, enhancing the amplitude of the primordial spectrum at the scales associated to that part of the potential.
In the effective field theory (EFT) of inflation [56] , the slow-roll amplitude of the primordial spectrum depends not only on but also on the speed of propagation -or sound speed-of the scalar fluctuations, c s . For a field with a standard kinetic term, c s is equal to the speed of light (c s = 1), but it can be significantly smaller if higher order derivative terms are non-negligible. A well-known example of a model that allows c s = 1 is that of K-inflation [57, 58] , where the action is some function of φ and (∂φ) 2 allowing a quasi-de Sitter phase. Generically, c s is a function of time. If its time variation, measured by s =ċ s /(c s H), is slow enough and if the standard slow-roll conditions hold, the primordial spectrum goes as ∼ H 2 /(c s M 2 P ), where M P is the (reduced) Planck mass. Therefore, a small value of c s may in principle have an analogous effect as a small and lead to PBH formation. This has recently been pointed out in [50] and the possibility of 2 Between 10 −14 M and 10 −13 M , PBHs can account for at most O(10)% of the DM, due to constraints from hypothetical encounters between PBHs and white dwarfs [43] . resonant production of PBHs from oscillations in c s has been studied in [59] .
A varying c s could lead to features on the primordial spectrum of particular relevance for the generation of PBHs. For instance, if the variation of c s and are temporarily synchronized, so that both decrease simultaneously over an interval, their combined effect in the power spectrum could allow to generate an enhanced narrow peak of fluctuations, possibly reducing the tuning that would be required to get the same peak from only one of the two functions. Conversely, if c s and are diminished at significantly distant times during inflation, a primordial spectrum with two separate peaks would be created, leading to a bi-modal mass distribution of PBHs. If this happened ∼ 19 e-folds apart, it could account for a large fraction (or even the totality [41] ) of the DM with PBHs in the range 10 −16 M -10 −14 M and, also, explain some of the binary mergers observed with O(30)M or smaller.
The EFT of inflation introduced in [56] does not contemplate the possibility of a time-varying effective Planck mass, M = M P . Such a varying mass generically arises from non-minimal couplings, being the Brans-Dicke [60] type of theories a paradigmatic case where the scalar field is algebraically coupled. A more general framework is provided by the so-called Horndeski Lagrangians [61, 62] which feature non-minimal derivative couplings and second order field equations despite having second order derivative terms in the Lagrangian, avoiding that way a potential Ostrogradsky instability [63] . If the time variation of M is sufficiently slow, the primordial spectrum for this kind of models goes as ∼ H 2 /(c s M 2 ). The evolution of M can thus lead to PBH production in a similar fashion to c s and . In fact, M and are indistinguishable at the level of the quadratic action for primordial fluctuations since they always enter through the combination M 2 . A specific model that explores this possibility to generate PBHs was already proposed in [64] . This type of models of inflation is based on a tuned action (to ensure second order equations of motion) and cannot be easily justified in general neither as EFTs nor from an ultraviolet perspective. 3 In spite of this, and due to its phenomenological interest, we delve in this work into the mechanisms through which the most general quadratic action for a single primordial fluctuation (withṀ = 0) can lead to PBHs.
Besides, we will show that the application of the EFT of inflation in the slow-roll regime suggests that quantitative estimates for large abundances of PBHs coming from a reduced c s are bound to be highly imprecise. The reason is that the interactions between primordial fluctuations grow as ∼ 1/c 2 s in the EFT of inflation. In consequence, a small c s has the effect of restricting the regime of validity of the theory, dooming its predictive power. Something analogous occurs as well in other EFT constructions, such as solid inflation [67, 68] . In fact, this "fatal breakdown" is expected to occur in any (plausible) EFT in which the interactions among fluctuations are dominated by the same control parameter, c s , as the free part of the action. This is what happens in all examples known to us, which are based on background configurations that break one or several spacetime diffeomorphisms. Moreover, as the strength of self interactions among primordial fluctuations is parametrically enhanced by some positive power of 1/c s , non-Gaussianities typically increase for small values of c s , contributing to a further degree of uncertainty on the predictions for PBH formation.
In the next section we review the basic formalism that is commonly used to estimate the abundance of PBHs from large inflationary perturbations. We revise the origin of the expression that relates the primordial perturbation to the total collapsing radiation density and point out a subtlety that becomes relevant in models such as solid inflation, where fluctuations can evolve outside the Hubble horizon. Then, in Section 3 we discuss how an enhanced primordial spectrum can arise from a generic quadratic action for a single independent primordial fluctuation. We provide a detailed analytical insight on the enhancement using the WKB approximation and extend previous works on the subject [69, 70] . We also give a couple of numerical examples for phenomenological parametrizations of the relevant functions of time (c s , , M ). In Section 4 we discuss the difficulty that arises for PBH formation within the context of the EFT of inflation. In Section 5 we provide a toy model withċ s = 0 which displays several of the features discussed in Section 3. In Section 6 we discuss PBH formation in solid inflation, we explain why the reheating period after inflation is particularly important in this case and show, once more, the obstruction posed by the consistency of the (slow-roll) EFT if one demands a large abundance of PBHs. We present our conclusions in Section 7.
PBH formation from large primordial fluctuations
PBHs form after inflation ends whenever the comoving wavenumber, k, of a sufficiently large density fluctuation becomes comparable to the Hubble scale, i.e. k a H, where a is the scale factor of the Universe in a FLRW metric. The mass of the PBHs is approximately given by the energy density contained inside a Hubble patch at the time of collapse: M ∝ (4π/3)ρ/H 3 , where ρ is the average energy density of the Universe and the proportionality factor is 1. For PBHs formed during radiation domination this gives (see e.g. [44] and references therein):
Given that H is approximately constant during inflation, this expression can be written in terms of ∆N * , the number of e-folds elapsed from the time at which the scale k * = 0.05 Mpc −1 (typically used to measure the CMB parameters) exits the horizon during inflation [44] :
The abundance of PBHs of a given mass is usually computed using an analogy of the PressSchechter formalism, according to which the mass fraction that collapses into PBHs of mass equal or larger than M is
This expression makes two important assumptions: that the collapse occurs over a threshold δ c and that the total density contrast δ is a Gaussian variable. If they hold true and δ c is known, what ultimately determines β(M ) is σ 2 (M ): the variance of the density contrast smoothed over a scale R ∼ 1/k. Clearly, β(M ) is exponentially sensitive to σ 2 (M ) and therefore the density contrast has to be very well-known to draw an accurate prediction from this expression. This implies that the spectrum of primordial perturbations at horizon entry also has to be known precisely. In radiation domination, the relation between δ and the comoving curvature perturbation, R, that is commonly used in the literature to connect the PBH abundance to the spectrum of R is
where ∆ 2 R (q) is the dimensionless power spectrum of R. For the smoothing window function, a Gaussian: W (x) = exp(−x 2 /2), is usually chosen for convenience; although other choices are possible and β(M ) should (in principle) only be weakly dependent on them. 4 The fraction of energy density on PBHs of mass equal or larger than M relative to that of DM is:
where γ is an efficiency factor of the collapse process and g is the effective number of degrees of freedom in the radiation density at formation time. The total energy density in PBHs is obtained integrating this expression. For certain models (in which the primordial perturbations evolve outside the Hubble horizon) the relation (2.4) should not be blindly applied and it is therefore worth explaining now in some detail its origin and its actual applicability. This will also serve us to address a couple of points about the previous formulae that are seldom discussed in the literature on PBH formation from inflation.
From primordial to radiation density fluctuations
Let us consider a fluid with energy-momentum tensor T µν = (ρ + p)u µ u ν + pg µν + Π µν and (timedependent) equation of state w = p/ρ. In the following we use primes to indicate derivatives with respect to conformal time, τ , and we denote by H = aH the conformal Hubble function. For convenience we use the (gauge invariant) Bardeen potentials Ψ and Φ [72] , which can be easily identified in the conformal Newtonian gauge (CNG), which is defined by the choice of metric 5
For reasons that will become clear in Section 2.2, we are interested in the total matter gauge (TMG), whose linearly perturbed energy-momentum tensor can be easily written in terms of variables defined in the CNG [73] :
Here, the subscripts N and M refer to the CNG and the TMG, respectively. The velocity perturbation, v, is defined in any gauge through δT i 0 = −(ρ + p)∂ i v; and in the TMG corresponds to a gauge invariant quantity. The density perturbation in the TMG, δ M = δρ M /ρ, also corresponds to a gauge invariant quantity. 6 From now on we remove the subscript M from all TMG quantitities to simplify the notation. In this gauge, the continuity and Euler equations in Fourier space are [73] : 7 δ − 3wHδ + (1 + w)kV + 2wHΠ = 0 , (2.11) 12) where
In addition, δ and Π satisfy the following Einstein equations:
14)
The (gauge invariant) comoving curvature perturbation R can be expressed as follows:
If we replace V and δ in (2.11) using, respectively, (2.16) and (2.14) we get a differential equation for Φ with R and Π as sources:
If we now assume that the terms containing Π and Φ are negligible, we get a proportionality relation between Φ and R. Then, using again (2.14) we obtain 18) which reduces to (2.4) for radiation domination (w = 1/3). For k H, the time variation of R vanishes for adiabatic perturbations (see e.g. [74] ) and it is thus in this regime that (2.17) holds.
PBHs form from the collapse of energy overdensities, which can only occur after Hubble crossing. It is then clear that the limit k H is not strictly valid. We will bear with the approximation of using (2.17), but we point out that this prescription implies the extrapolation of a linear super-horizon relation to describe a non-linear process that occurs inside the horizon.
Why the total matter gauge?
We have just discussed how the comoving curvature perturbation, R, is linked to a gauge invariant variable, δ, representing energy density fluctuations during radiation domination in the TMG. However, we have not explained why is this specific variable the one that should be considered for PBH formation. Indeed, we can define other gauge invariant quantities that can be identified with the energy density perturbation in other gauges different from the TMG. To show with an example why the variable δ = δ M is actually a good choice to describe PBH formation, let us compare it to the energy density in the CNG, δ N (which can also be identified with a gauge invariant variable [72] ).
The energy density is a Lorentz scalar, and therefore the change of its perturbation between any two gauges depends only on the time shift that relates them. The time shift that allows to go from the CNG to the TMG is given by the velocity perturbation; see (2.8), which defines the slicing of spacetime into hypersurfaces of constant time coordinate. Using the relation (2.8) in (2.18) we obtain 19) which is valid for k H. During radiation domination and in the dominant adiabatic mode (see e.g. [75] 
, where in the second equality we have used (2.17) and we are neglecting any possible source of anisotropic stress. Therefore, in this regime 20) where the leading term in this expansion on k/H comes from the contribution of V N to (2.19). Now we see that if we try to use naively δ N instead of δ to compute the PBH abundance, the equation (2.5) becomes 21) which diverges due to the lower integration limit (q → 0, where the primordial power spectrum is approximately scale invariant). This would imply β(M ) → ∞, regardless of the shape of the primordial spectrum at small scales. Notice in passing that if it were not because of the smoothing window function, the integral defining σ(M ) would also diverge (both for δ and δ N ) due to its small scale (UV) behavior. This exercise exemplifies that an adequate definition of the quantity that we use to compute the abundance of PBHs is essential to make sense of the formalism summarized at the beginning of this Section. Indeed, this is the nexus between the primordial spectrum of the comoving curvature perturbation and the PBHs. An appropriate variable playing this role should satisfy (at least) the following two requirements:
• Be gauge invariant.
• Reduce to the Newtonian density perturbation for sufficiently small scales and low velocities.
Interestingly, it was shown in [76] that the density perturbation that one can extract from Newtonian N-body simulations is precisely the one in the comoving orthogonal gauge (which is equal to the one in the TMG), i.e. δ, and this identification is valid on scales comparable to the Hubble scale. As it was also argued by Bardeen [72] , δ is the most natural variable "from the point of view of the matter", because it corresponds to the energy density in the matter local rest frame. For all these reasons δ appears to be indeed a good variable to link PBHs to the primordial spectrum generated by inflation.
Super-horizon primordial fluctuations
So far, we have used all along the comoving curvature perturbation R, defined in equation (2.16) , to connect the physics of inflation to the variable δ (the density contrast in the TMG) that is relevant to compute the abundance of primordial black holes. However, R is not the only gauge invariant variable that we can define and relate to primordial physics. Moreover, other such variables need not be equivalent to R in general. This inequivalence can occur under specific conditions (realized in concrete models) for which R is not conserved outside the horizon. This may introduce an ambiguity in the connection between δ and primordial physics that needs to be addressed in models such as solid inflation [67, 68] , which is potentially interesting for PBH formation, as we will explore in Section 6.
In addition to R, it is common to use a gauge invariant variable, ζ, that in the CNG reads
The relation between ζ, R and δρ/ρ in the TMG is
Since in this gauge δ = −2k 2 Φ/(3H 2 ), for k sufficiently smaller than H (i.e. for fluctuations whose comoving wavelength is much larger than the Hubble distance) if ζ is conserved R is also conserved (and conversely) [77] . Notice also that if the terms involving Φ and Π can be neglected in (2.17), there is a simple approximate relation between Φ and R, as we saw earlier, and then
At the end of the day, we will be interested in computing the total density contrast using the (exact) expression (2.23) at horizon re-entry (and during radiation domination), which is when PBHs start to form. If ζ and R are conserved for k H, we can simply use (2.24) into (2.23), which leads to (2.18) (and thus to (2.4) for w = 1/3). However, if ζ and R are not conserved we cannot use this simplification and we need to compute ∆ 2 δ by other means to feed it into
which replaces (2.5) as the variance of the smoothed density contrast (which in turn goes into (2.3) in order to get the PBH abundance). For instance, in Section 6 will make use of the basic assumptions made about reheating in solid inflation [68] to get a straightforward expression for ∆ 2 δ from (2.23) in that specific case.
Enhanced primordial power spectrum
The power spectrum of scalar fluctuations generated during inflation is determined by their quadratic action around the (quasi) de Sitter background. If the inflationary model features only one independent scalar perturbation which becomes conserved on sufficiently large scales -and which we take in the following to be the curvature perturbation R, defined in (2.16)-its most general quadratic action (at lowest order in derivatives) can be written as
In this expression dots indicate derivatives with respect to cosmic time t, M (t) is an effective Planck mass for the fluctuations, = −Ḣ/H 2 is the slow-roll parameter that guarantees inflation when < 1, the function a(t) is the scale factor of the FLRW metric and c s (t) is the sound speed for the propagation of the primordial fluctuations R. Clearly, the action (3.1) depends on just two independent combinations of these functions of t. In particular, M 2 and appear only multiplying each other and therefore are indistinguishable at the level of linear perturbations; however, it is important to notice that this degeneracy is broken by the background evolution so that it is convenient to keep them both as it will become clear later.
Let us now comment on the types of field models that conform to the action (3.1). If there is only one scalar field driving inflation, say φ, and no other fields are relevant while inflation lasts, there is a single independent scalar perturbation and its linear dynamics is captured by the action (3.1). If φ has a canonical kinetic term and rolls down a potential V (φ), then c s = 1, M = M P and the linear dynamics of R is entirely determined by , which is in turn determined by V (φ) (and the initial conditions for φ andφ). Assuming that the dynamics eventually reaches the slow-roll attractor [78] , only the appearance of a special feature in the potential -such as an inflection point-can give rise to the PBH production, as it has already been considered in [44, [46] [47] [48] [49] [50] [51] [52] 55] . In order to haveċ s = 0, a non-canonical kinetic term is required. The simplest example is that of models whose action is some function p(X, φ), where X = −∂ µ φ∂ µ φ/2. At the quadratic level and focusing on just two spatial derivatives acting on R, these are the models contained in the EFT of inflation. As we already mentioned in the Introduction, the evolution of c s on time may generate PBHs, provided that the spectrum of R is sufficiently enhanced; see e.g. [50, 59] .
A time-varying effective Planck mass can be generated via "braiding" (see [79] ) or through a non-minimal coupling between the inflaton and gravity. However, not any coupling between the two is sufficient to haveṀ = 0. In particular, a coupling of the form K(φ)R can be recast (in the absence of other fields) into a redefinition of the scalar field potential V (φ). On the other hand, a coupling such as K(X)R does in general lead toṀ = 0, but at the expense of introducing an Ostrogradsky ghost. The latter can be avoided provided that this type of coupling appears with an appropriately weighted combination of higher derivative terms of φ, see e.g. [80] . The general class of models constructed in this way that have second order equations of motion (and thus are free of instabilities at the classical level) is called after G. W. Horndeski, who described them for the first time in 1974 [61] . This class of models contains examples for which an effective M (t) cannot be removed by any (conformal or disformal) field redefinition, except for some particular cases [81, 82] . In [64] one such model was already proposed for PBH generation.
All the examples we have mentioned so far are single-field models, but the action (3.1) can also capture the dynamics of primordial fluctuations for other models, e.g. some multi-field cases with distinctly heavy (and thus negligible) isocurvature perturbations (see e.g. the discussion in [83] ) and, also, some models with massive vector fields as e.g. [84, 85] . Although, as we have seen, (3.1) applies to a wide variety of models, we can also entertain the possibility of going beyond it. First, we can consider including a mass term:
where m is yet another independent function of t. In Fourier space, the equation of motion for R becomesR
where we define s =ċ s /(c s H), 2 =˙ /( H) and µ = (M 2 ) · /(M 2 H). This equation clearly shows that the presence of the mass term prevents the existence of a conserved mode of the comoving curvature perturbation R for c s k aH. As we will see in Section 6, the equation for R in solid inflation [67, 68] is of the form (3.3), with m ∼ O( )H being slow-roll suppressed. In addition, in this case R and ζ -which we defined in (2.22)-are not equal to each other for small k and therefore this model is outside the realm of those with a single independent scalar perturbation. It is worth mentioning as well that the non-conservation of R in the small k limit also occurs, for instance, in multi-field models with a non-negligible entropy perturbation that originates in a curved trajectory in field space [86] .
Another possibility that goes beyond (3.1) consists in including higher order derivative terms in the quadratic action for R. As we already mentioned earlier, this generically introduces a ghost degree of freedom. This can be acceptable in the context of an EFT, as it is the case in the so-called ghost condensate [87] , which we will briefly discuss in Section 4. Cases like this one can be dealt with, to some extent, changing the dispersion relation for the Fourier modes of R, including a momentum dependence on c s . For instance, in the ghost condensate c s ∼ k 2 in the regime of validity of the EFT.
In order to simplify our analysis, we will focus in this section on the action (3.1), with c s and M 2 being functions of time only. As we have just summarized, this corresponds to the vast majority of the single-field models of inflation found in the literature. Let us then discuss how the functions , c s and M 2 can give rise to an amplification of the primordial power spectrum that will lead to the generation of PBHs.
At this point, it is useful to absorb the effect of c s into a rescaled time variableτ that generalizes the usual conformal time τ as follows:
Doing so we effectively restore the equal scaling of time and space coordinates in the action, which now reads:
where primes stand for the rest of this section for derivatives with respect toτ and we have defined
Notice that, unlike in the usual case where z is defined to be dimensionless, here we are defining z including the effective mass Planck so that it has dimension of mass. The next step is to canonically normalize the scalar perturbation as
We obtain
which leads to the (generalized) Mukhanov-Sasaki equation that, in Fourier space, reads
One can then use the standard expressions for the solutions of this equation in the slow-roll regime, (remembering the previous definition of z or, equivalently, the re-scaling of the time coordinate). Our interest here is to study the possibility of obtaining an enhancement of the power spectrum by means of a variation in the sound speed c s and/or the time-varying Planck mass M 2 in order to extend the more standard enhancement obtained from the time evolution of (as e.g. in single field inflation models featuring an inflection point in the potential). To illustrate the main idea we will briefly review the computation of the power spectrum within this scenario. This will also lead us to obtain some relevant expressions that are not found in the literature. For convenience we define the following hierarchies of slow-roll functions:
10)
Here N denotes the number of e-folds defined as
and which, by convention, grows as inflation progresses forward in time. We will say that the generalized slow-roll regime holds provided | i | , |s i |, |µ i | 1, ∀i ≥ 1. We start, as usual, by considering very short wavelengths k 2 z /z for which we have the same behaviour as in Minkowski spacetime so that, after appropriately normalizing and choosing the adiabatic Bunch-Davis vacuum, the solutions for the mode functions are
On the other hand, long wavelength modes with k 2 z /z have solutions given by
If the second mode (determined by C 2,k ) decays sufficiently fast (as guaranteed if we are in generalized slow-roll), the above solution quickly converges to C 1,k z and the amplitude of C 1,k can be obtained by matching with the short wavelength solutions:
where the subscript * stands for evaluation at the timeτ * where the matching is performed. The solution for very long wavelengths can then be written as
In order to compute the (best) matching time, we consider the first order correction to the frequency of the modes in the WKB approximation [88] [89] [90] , which is given by
From this expression we see that the WKB regime will break down when the first order correction, which is implicitly assumed to be the dominant one, 8 becomes of order one, so that the timeτ * of horizon crossing 9 that determines the matching is given for each k by the solution of the equation 17) where in the second equality we have simply expanded the derivatives of z in terms of the slow-roll parameters and defined the function
Equipped with the solution for the modes on very large scales together with the equation for the matching time, we can now write the following expression for the primordial power spectrum of R:
8 More precisely, the WKB regime is valid as long as |ω
n for all n. Thus, it could happen that the first order correction remains small but the series breaks down due to some higher order derivative of ω becoming large. In principle, this might be expected to occur in some of the examples considered in this work, if the first slow-roll parameters remain small but higher order parameters could be large. However, we have obtained our results numerically solving the Mukhanov-Sasaki equation and compared them with the analytical approximations, finding and excellent agreement where it is expected. For a more detailed discussion on the WKB approximation and its conditions of validity within the context of particle production in cosmological scenarios see [91] .
This clearly shows that, assuming H /M P 0, a decrease in the slow-roll parameter will induce a peak in the primordial power spectrum, potentially leading to PBHs. We can also see that the same effect can be achieved from a decrease in the sound speed c s or the effective Planck mass M 2 . The extra freedom at our disposal can either enhance the amplification in the power spectrum (if c s , M 2 and present a decrease at similar times, which is rather reasonable if the desired features originate from the same underlying mechanism) or several peaks at different scales, thus producing an approximately multi-modal distribution of PBHs, as discussed in the Introduction.
It is worth noting that Ξ 1 applies in the generalized slow-roll regime, where we recover the usual sound horizon crossing condition k = aH/c s . Obviously, Ξ 1 also occurs if only the specific combination of slow-roll parameters appearing in Ξ is small. In particular, this is the case if 1,2,3 and s 1,2 remain small, while higher order slow-roll parameters could be large. Indeed, it is important to notice that since the enhancement in the amplitude of the power spectrum occurs by a non-negligible variation of 1 or c s , this can be accompanied by large values of some higher order slow-roll parameters, which may imply a breakdown of the generalized slow-roll regime. It is thus instructive to recall now some of the assumptions made to arrive at (3.19) in order to understand better its regime of validity.
Multiple crossings
An assumption implicit in (3.19) is that there is only one instance of horizon crossing. However, there may be situations (of specific interest for us concerning the generation of PBHs) where a given band of modes can experience multiple crossings. This will be reflected in the existence of more than one solution to (3.17) , which determines the crossing times. If this is the case, we can nonetheless straightforwardly extend the expression (3.19), under additional (but reasonable) assumptions. Let us consider in particular that a certain mode undergoes three crossings so that it exits the horizon at some timeτ 1 , re-enters the horizon atτ 2 and finally exits atτ 3 . We are going to assume that outside the horizon, the solution is always quickly attracted to v ∝ z. We will come back to this assumption in more detail in Sections 3.2 and 3.3. After the first crossing, the mode evolves as in the usual case with only one crossing, so the solution is
where we have introduced the super-script I to denote that it corresponds to the solution after the first crossing. The second crossing corresponds to the mode transiting from super-to sub-horizon, so the mode is inside the horizon again and the solution will be a general plane wave of the form
Unlike in the initial state, the mode after re-entering will not match a Bunch-Davis state, but some excited state with a linear combination of positive and negative frequency modes described by D 1,k and D 2,k (i.e. there will be some non-trivial Bogoliubov coefficients). These constants can be obtained by matching this solution to (3.20), but we will not need their specific forms for our purposes. The amplitude of the mode during this phase is thus
where δ k = δ k,2 − δ k,1 , with δ k,1 and δ k,2 are the phases of D k,1 and D k,2 , respectively. The matching atτ 2 with the solution outside the horizon (3.20) gives
Finally, the mode evolving according to v II will re-exit the horizon atτ 3 and will match the solution v III E k z, with some constant E k . The final amplitude of the mode can thus be computed by matching this solution and v II atτ 3 . The resulting expression can be related to the previous evolution of the mode as
where
(3.25)
Since |E k | = |v III (τ 3 )|/z 3 , the power spectrum then becomes
We thus see that the power spectrum receives an extra factor with respect to (3.19) due to the extra time that it has remained sub-horizon between the second and third crossings and, furthermore, it can also exhibit some oscillations from the Bogoliubov coefficients that are generically produced in this process. It is not difficult (although tedious) to generalize this result to the case when there are more crossings. However, this is enough to show that it is expected to see some oscillations in the power spectrum in the range of k-modes that undergo a re-entering and re-exit, as we will see explicitly in the examples below. Before that, let us go back to the assumption that the constant mode is quickly reached and analyze under which circumstances it holds. This will allow us to reveal another mechanism to enhance the power spectrum.
The "decaying" mode
An important assumption needed to arrive at the expressions (3.19) and (3.26) for the power spectrum of R is that the second mode -see (3.13)-always decays faster than z (which typically grows like a in the strict generalized slow-roll regime) so that the mode C 1,k z is reached quickly enough. If this is not the case, not only the above formulas for ∆ 2 R cannot be applied, but also the presence of a second growing mode -which might grow faster than z-can in turn induce an enhancement of the power spectrum by itself. In order to illustrate and understand these points, we will work with the equation for the curvature perturbation:
Sometimes, it is also useful to write this equation in terms of the number of e-folds defined in (3.11), and we give it here for completeness:
From the definition of the function z in (3.6), it is easy to obtain
This expression can be integrated so that z satisfies
where denotes some arbitrary time (not to be confused with the horizon crossing time denoted by * above). We then see that z ∝ a in the strict slow-roll regime or, more generally, as long as the combination ( 2 − s 1 + µ 1 ) remains small. For the very long wavelengths with sufficiently small k, the curvature perturbation equation reduces to
which, after one integration, gives R ∝ z −2 and the solution is
with C 1,k and C 2,k some integration constants which must be determined, as usual, from the chosen vacuum mode solutions. The first term is the well-known adiabatic mode that is conserved outside the horizon and that is guaranteed to exist due to zero-mode residual symmetries (see e.g. [74] ). This is the mode upon which the results of the previous section are built upon. The second term C 2,k is the usually decaying mode that typically becomes negligible within a few e-folds after horizon crossing so that the constant mode is quickly reached. In fact, the time N is intended to represent some time soon after horizon crossing such that the decaying mode can be safely neglected and the constant mode dominates. This is what happens in the generalized slow-roll regime, where z ∝ a and, therefore, the second mode decays as a −3 . In this section we are interested in the situation where this mode is, on the contrary, the dominant one. In order to discern when this is the case, let us write the expression for the variation of R with the number of e-folds N : 33) which clearly shows that the second mode decays as a −3 ∝ e −3N in the generalized slow-roll regime. More precisely, the derivative of the curvature perturbation is exponentially suppressed as long as the combination
is positive. In that case, the constant mode C 1k is quickly reached and the formulae for the power spectrum obtained above will be valid. If the friction parameter ξ is instead negative for some interval of e-folds, the derivative (3.33) is no longer suppressed and the second mode can become the dominant one. Such a growing mode can also enhance the power spectrum and lead to PBH production. Interestingly, the time variation of the sound speed and the effective Planck mass contribute to ξ through s 1 and µ 1 and (from a model-building point of view) this freedom can either guarantee that the second mode never becomes the dominant one by appropriately keeping at bay any (positive) growth of 1 − 2 or, instead, turn the second mode into a growing one, thus helping to enhance the power spectrum.
General analysis
After reviewing the constant and decaying solutions for the super-horizon regime, we will give a more detailed discussion of the general solution. For that, we will start by rewriting the equation (3.27) as
From this equation, it is easy to see that the exact solution for the curvature perturbation can be given in terms of the following integral equation
where indicates that the quantity it accompanies is evaluated at some arbitraryτ . Typically, one is interested inτ corresponding to some time soon after horizon crossing. We can alternatively express all the quantities in terms of the number of e-folds as
where a bar over a quantity denotes that it is normalized to its value at N . This expression extends the analogous result obtained in e.g. [70] to the more general scenario considered here with time-varying sound speed and effective Planck mass. In the above formula, we can identify the first two terms with the constant and "decaying" modes discussed in the precedent sections. The third piece can be used to obtain recursively the solution at the desired order in k 2 . In the generalized slow-roll regime and well outside the horizon, the zeroth order solution is simply R which coincides with the asymptotic value of R at the end of inflation. 10 Interestingly, in that case, it is the O(k 2 ) correction coming from the third term what gives the leading order correction to the constant solution because it decays as a −2 , while the usual decaying mode goes as a −3 . This is important to properly identify each mode when computing higher order corrections to the constant solution.
If we abandon the usual slow-roll regime, there are two different mechanisms able to amplify the scalar power spectrum. On the one hand, if the friction term ξ defined in (3.34) becomes negative, then the usual decaying mode given by the second term inside the brackets in (3.37) turns into a growing mode which will then give rise to an enhancement of R. On the other hand, the leading order correction O(k 2 ) can also produce an enhancement of the curvature perturbation R if the double integration in the third term inside the bracket in (3.37) gives a large enough contribution as to compensate for the suppression coming from csk aH 2 . As argued in [70] , this might happen if z 2 becomes sufficiently small for some number of e-folds. In the most general case, the situation can be quite complex featuring a combination of all the effects we have discussed. However, in many physically relevant situations, the effects can be conveniently disentangled.
Phenomenological parametrization
In order to illustrate the analytical results obtained the precedent sections, we will consider now a parameterization of c s , and M 2 that allow for localized dips and obtain the power spectra in a couple of examples by numerically solving the Mukhanov-Sasaki equation. We will then compare the numerical solutions with the approximate analytical expressions found above and, in particular, we will highlight the importance of appropriately computing the crossing time for a correct matching. The parametrizations that we will use are constructed in terms of the function 2 is shown in the bottom-left panel and the corresponding friction term is shown in the bottom-right panel, where we see that it remains positive so that the "decaying" mode is never activated and remains negligible. The middle-left panel shows the function determining the horizon crossing as explained in the main text; see (3.17) . We also display two values of k whose solutions are shown in the middle-right panel, where we can see the exact numerical solutions (solid lines) and the approximate (super-horizon) solutions |v| = z/( √ k z * ) obtained by matching with the sub-horizon modes at the crossing time as explained in detail in the main text. We confirm that the matching gives a very good approximation to the super-horizon solution even if the slow-roll parameters change significantly at the crossing (red/orange curves). We also plot for illustrative purposes a mode that only presents one crossing, but passes very near the horizon before exiting. For this kind of mode, we also see oscillations expected for modes with multiple crossings (which means that they are not in the usual Bunch-Davis vacuum before definitely exiting the horizon). See the upper right panel. The approximate solution |v| = z/( √ k z * ) is less accurate for such modes. (blue-dotted) and the analytical approximation using (3.17) to compute the crossing time (although neglecting multiple crossings). In the usual slow-roll regime, the three curves agree with high precision. As we approach the region where , c 2 s and M 2 change substantially, the inaccurate computation of the crossing times makes the blue-dotted curve deviate significantly from the exact solution, while an appropriate computation of the crossing gives by using (3.17) a much more accurate result. Since we neglect multiple crossings, the region where the oscillations arise from such crossings is not well-captured by the approximations.
being N the number of e-folds. This function tends to n 1 sufficiently far from N s , meaining |N − N s | σ > 0, and becomes equal to n 2 around N s for a number of e-folds controlled by σ. Since we are interested in scenarios where deviations with respect to the standard case occur somewhere between the CMB scales and the end of inflation, we will typically have N s to be less than about 50-60 e-folds before the end of inflation. We parameterize , c s and M 2 as log 10 = G(N ; n (0) , n , N , σ ), (3.39)
cs , n cs , N cs , σ cs ), (3.40)
We should notice that the parameterizaton of also determines the background expansion through
, where H end is the value of the Hubble parameter at N = 60. In what follows we will choose n (0) −2 (so that the deviation of the scalar spectral index from 1 is close to the one measured by CMB experiments at the corresponding scales), n (0) cs = 0 (i.e. c s 1 sufficiently before the end of inflation, which corresponds to a canonical scalar field) and n Having introduced the parameterization that we will use, we will now obtain the super-horizon primordial power spectrum at the end of inflation as a proof-of-concept, which will furthermore allow us to check the validity of some of our analytical expressions. We will focus on the case where the "decaying" mode never becomes a growing mode, i.e., ξ does not turn negative for any N , and the amplification in the power spectrum is entirely due to the standard constant mode for R. In the explicit single field inflationary model explored in Section 5 we will see an example where the decaying mode turns intro a growing one. Here, we will discuss two particular examples leading to a cooperative and a multi-modal enhancement of the power spectrum.
In Figure 1 we summarize the first explored case where , c 2 s and M 2 feature an approximately simultaneous dip, cooperating to produce a larger enhancement in the power spectrum than what they would produce individually. We see that far from the location (N 35) in the feature from 1 , c s and M 2 we recover the usual nearly flat power spectrum. On the other hand, near the location of the feature the power spectrum is enhanced, giving rise to a peak whose value is in agreement with the expectation from (3.19) . Finally, we can observe how a given band of modes will experience multiple crossings, what will result in the oscillations that we can see toward the end of the peak in the power spectrum, again in accordance with our expectation from (3.26). Let us recall that the number of e-folds of inflation that can be probed with the CMB is ∼ 10 (and a few more with LSS and spectral distortions), so that such a feature in ∆ 2 R would be impossible to probe with such observations. The generation of PBHs at such small scales could then be a possibility to test the physics of inflation for (distance) scales that re-enter the horizon much earlier, as in this example.
In Figure 2 we show a different example, for which the dips in , c s and M 2 are sufficiently apart as to give rise to three distinct peaks in the power spectrum. This example also has a band of modes that undergo several crossings, leading to a characteristic pattern of oscillations in the power spectrum in between the last two peaks. The friction parameter again remains positive, so that the analytical expressions obtained above based on the constant mode are again valid. In this case, however, some slow parameters present large variations that make the function Ξ be relevant for the computation of the crossing time. We have plotted the power spectra obtained from the exact numerical solution and two different analytical expressions. The blue-dashed line corresponds to (3.19) neglecting Ξ, i.e., the crossing time is computed from k = aH/c s , whereas the green-dotted curve is computed by taking into account Ξ. We can clearly see the importance of appropriately computing the matching time, in which case the analytical expression gives an accurate result for the power spectrum, even when the quantities , c s and M 2 present large variations. Since we have ignored the effects from having multiple crossings, we see that the analytical expression gives a much worse result for the region with oscillations.
The EFT of inflation and PBH formation
The EFT of inflation [56] is a general description of the dynamics of small fluctuations around a time-dependent quasi-de Sitter background. The action for these fluctuations can be constructed in the so-called unitary gauge, by writing -in a hierarchical way determined by their number of derivatives-the independent combinations of the spacetime metric that are invariant under spatial diffeomorphisms. At lowest order in derivatives, the quadratic action for scalar fluctuations is precisely (3.1), which describes all the models whose Lagrangian is of the form L = p(φ, X), where φ is a real scalar, X ≡ −∂ µ φ ∂ µ φ/2 and p is an arbitrary function (but able to sustain inflation). Higher order derivative terms contributing to the effective action for fluctuations are also allowed, but are supposed to be subdominant, within the logic of the EFT.
It is common to recast the action for scalar fluctuations in terms of a field π = −H ζ, which is the Goldstone boson arising from the breaking of time diffeomorphisms, due to inflation. In terms of this variable, the first cubic interaction that can be written is of the form (∂ i π) 2π /a 2 and it comes with a coefficient that (due to the symmetries) is entirely fixed by the quadratic action, and can be written as a function of , c s and H. This interaction leads to the following estimate of the (partial wave) unitarity cut-off [56] , denoted by Λ:
The only other possible cubic interaction that can appear in the action for π is justπ 3 but, unlike for the previous one, its coefficient is not completely determined by the symmetries. Without any loss of generality, we can write the ratio of the two cubic terms as α(∂ i π) 2 /(c 2 s a 2π2 ), where α is a dimensionless function of time. Then, the fourth power of the unitarity cutoff due toπ 3 is ∼ α 2 Λ 4 [93] , which can be larger than Λ 4 provided that α 1.
Since the interaction (∂ i π) 2π /a 2 is always present in the EFT for c s = 0; if we assume slow-roll and impose Λ H we get an inequality between the speed of sound and the amplitude of the primordial spectrum of ζ:
so that c s cannot be smaller than ∼ 0.3 for ∆ 2 ζ ∼ 10 −2 . Taken at face value, and considering standard values for ∼ O(1 − n s ) ∼ O(0.01), this means that in the context of the (slow-roll) EFT of inflation the production of a sizable population of PBHs that could be relevant for the DM problem cannot be achieved from slow-roll inflation through a very small speed sound.
There are a couple of factors that one could think might help to alleviate or even circumvent this obstruction. First of all, the condition ∆ 2 ζ ∼ 10 −2 for having an O(0.1) contribution to Ω DM is not, strictly speaking, a bulletproof prediction. This condition arises from the application of the general formalism for PBH formation from the collapse of large (and rare) radiation density fluctuations, as described in Section 2. However, there exist reasonable arguments suggesting that this framework for PBH formation may need to be modified -see e.g. [94, 95] for recent works in this direction-and a smaller value of ∆ 2 ζ could be sufficient to obtain a large DM abundance. In particular, it is important to remark that one of the main assumptions of the formalism of Section 2 is that the primordial spectrum is Gaussian; see equation (2.3). However, a small c s generically induces large non-Gaussianities, simply because the interactions in the EFT of inflation are controlled by positive powers of 1/c 2 s . Depending on the shape of these non-Gaussianities the threshold for collapse could effectively be lowered, thus favoring the formation of PBHs and hence leading to a higher abundance than in the Gaussian estimate. It has been argued in [96] that local non-Gaussianities arising in an ultra slow-roll regime [92] with c s = 1 can make PBH production far more inefficient than what the Gaussian assumption predicts. Still, other non-Gaussian shapes could go in the opposite direction. A general study of the effect of non-Gaussianities on PBH formation with a varying c s = 1 would be required to clarify this issue, but it goes beyond the scope of our present work.
In spite of the previous considerations, it has to be noted that even if a much lower primordial amplitude such as e.g. ∆ 2 ζ ∼ 10 −5 were enough for Ω PBH ∼ 0.1 -which seems rather far-fetched, given our current theoretical knowledge-the bound (4.2) would nonetheless imply c s 0.05. This is still a large lower bound for the purpose of PBH formation from a small c s , since it requires ∼ O(10 −5 ) c s . Indeed, if we assume that generalized slow-roll holds -both for the CMB scales and for those relevant for PBH formation-the bound (4.2) implies which means that for r CMB ∼ 0.07 -which is the current upper limit [97] -and c s CMB ∼ 1 it needs to be mostly (and not c s ) that leads to the PBH generating peak in the primordial spectrum, even if the required ∆ 2 ζ PBH were as low as ∼ 10 −7 . The idea of PBH production from a very small appears then to be natural from the point of view of the EFT, whereas achieving the same with small c s is, at first sight, incompatible with the EFT.
The idea of PBH formation with a small c s can nonetheless be explored further, still in the EFT framework. A possibility to avoid the bound (4.2) within the EFT of inflation is to consider models with a dispersion relation ω ∼ k 2n where n is some positive number. The best known example of this (with n = 1) is ghost inflation [87, 98] . This corresponds to a generalized p(φ, X) model in which the scalar field has constant velocity, breaking Lorentz symmetry "spontaneously". This can lead to inflation provided that the derivative of p with respect to X tends to zero dynamically. In this regime, the coefficient of the term (∂ i π) 2 in the effective action becomes zero, which corresponds to c s → 0. The quadratic action can then be stabilized provided that higher order derivative terms come into play in the Lagrangian for φ, leading to a quadratic term for π that goes as (∂ 2 π) 2 , which comes associated to a new mass scale, M GI , so that the dispersion relation is ω ∼ k 2 /M GI . A proper power counting shows that this scale M GI is the ultraviolet cut-off of the model in this regime. Interestingly, the primordial spectrum scales as
whereas the level of (equilateral) non-Gaussianities is f N L 100, where we are assuming that precisely the same mass scale that appears with (∂ 2 π) 2 controls also the relevance ofπ(∂ i π) 2 , see [87] for details. The estimate (4.4) tells us that ghost inflation may be able to produce ∆ 2 ζ one or two orders of magnitude below 10 −2 , given that the consistency of the EFT always requires H M GI . Since the level of non-Gaussianities is substantial, it may be that such a primordial amplitude could be sufficient to generate Ω PBH ∼ 0.1, although a detailed analysis needs to be done. Therefore we identify ghost inflation as a potentially interesting possibility for the generation of abundant PBH DM. Notice that in this context we only need ghost inflation to operate during PBH formation and the generation of the CMB scales could occur within standard slow-roll, with a transition between the two regimes at intermediate scales. It is interesting that if we assume that H does not change significantly during inflation and its value is such that it saturates the current bound on the tensor-to-scalar ratio, we get that M GI is well below the GUT scale:
Although ghost inflation dynamics appears as a promising possibility for PBH formation within the EFT of inflation, eventual models with dispersion relations of higher order (w 2 ∼ k 2n , n ≥ 3) happen to suffer from an even worse problem as the vanilla EFT of inflation. This can be seen considering the scaling dimensions of π, which in such a case implies that the operatorπ(∂π) 2 is strongly coupled in the infrared (i.e. for k aH) [56] . A more drastic possibility for evading the obstruction on PBH formation from a small c s imposed by (4.2) is to focus on models of inflation that can be considered ultraviolet complete. This is what we do in the next section.
A single-field toy model
As we have already mentioned earlier, speeds of sound different from that of light are generic in models with non-standard kinetic terms [57, 58] . Let us consider a Lagrangian of the form L = p(X, φ) for a real scalar φ, with X ≡ −∂ µ φ ∂ µ φ/2. The two independent Einstein equations for a solution φ = φ(t) are
where the subscripts indicate partial derivatives. The time functions and c 2 s are
which we will assume to be non-negative. In the context of inflation, a well-known example of this kind of models is DBI inflation [99, 100] which can be motivated in string theory considering a D3-brane that can be effectively described [101] by a DBI action [102, 103] . The possibility of deriving this type of models from string theory compactifications argues in favor of their radiative stability [99, 104] , distinguishing them from arbitrary p(φ, X) Lagrangians. A generalization of these models is given by
where the potential V and the warp factor 1/f are so far unspecified functions of φ. In this model
P it is possible that c s 1 and 1 simultaneously, achieving dynamically a strong enhancement of the scalar primordial power spectrum. Given a potential V which is able to sustain inflation, this can be realized if f has a localized peak at some point, say φ 0 , corresponding to a scale between the CMB and the minimum of V where reheating takes place. Around such a pointφ 1, so that the field remains "stuck" at φ 0 for several e-folds. 11 To illustrate this mechanism, let us consider:
where V 0 , y, Q and q are positive constants and φ 0 is the value of φ at which the maximum of f is localized. This is a rather minimal modification of the usual expression in DBI inflation:
The choice of V is not crucial for the mechanism. The one above has been taken for simplicity, although it gives for f = 1 a slightly bluer spectrum than that measured by Planck [97] . The level of non-Gaussianities in p(φ, X) models can be characterized with the aid of the following two quantitites [106, 107] : Σ = Xp X + 2X 2 p XX and λ = X 2 p XX + (2/3)X 3 p XXX . In general models of DBI inflation the leading non-Gaussian contributions grow as 1/c 2 s and λ/Σ, which in our specific example is λ/Σ = f X/c 2 s . The effect of non-Gaussianities should be included in an estimate of the PBH abundance produced with this mechanism, although we focus here only on the (linear) enhancement of the primordial spectrum.
In Figure 3 we show the primordial power spectrum and the functions f and V for a concrete choice of parameters. As expected, as soon as the field approaches φ 0 (which here is equal to 3M P ), the spectrum is strongly amplified due to the temporal decrease of and c s , which take place simultaneously, giving an explicit realisation of a cooperative enhancement. Moreover, the non-trivial evolution of c s leads to a band of k-modes undergoing multiple crossings, which results in the oscillations that we can see in the power spectrum. At scales which are sufficiently apart from the peak, the spectrum shows the usual nearly scale invariant form. While the amplitude of the peak shown in this figure is not sufficient to trigger the generation of a significant PBH population, in general it is possible to choose the parameters of the model in order to get larger values. In this work we do not study in detail the generated PBH population and the example . The value of V 0 is chosen to respect the COBE normalization and k 0 is the value of H at the end of inflation. Upper right panel: friction term, defined in (3.34), which becomes negative for some e-folds, activating the "decaying" mode discussed in Section 3.2. Lower panels: The corresponding potential V (φ) and the function f (φ). The potential produces the usual slow-roll phase at large values of the field. Inflation ends and is followed by oscillations of φ near the minimum that will give rise to reheating. The "spike" on f (φ) around φ 3M P is the feature responsible for PBH formation.
presented in this section should be intended as a proof-of-concept. A dedicated analysis of the parameter space and of the associated PBH populations is left for future works. Lager values of the amplitude of the peak are obtained by imposing a sharper variation of f around φ 0 . In such a case, more modes will experience multiple horizon crossings and, consequently, more oscillations will arise in power spectrum. Resolving with sufficient accuracy all the oscillations becomes very costly (from a numerical point of view) as the number of oscillations increases.
PBH formation in solid inflation
Solid inflation [67, 68] is a model of inflation that features a trio of scalar fields Φ i (t, x j ) that are derivatively coupled and respect an internal SO(3) symmetry. When coupled to gravity in a minimal way, this system becomes the relativistic EFT description of an elastic solid. The fields Φ i are the only degrees of freedom needed to describe the solid at low energies and represent its Lagrangian (or comoving) coordinates. They can also be viewed as the Stückelberg fields of broken spatial diffeomorphisms, since in their background configuration Φ i = x i . Interestingly, this static background is compatible with a (time-dependent) FLRW metric and, in particular, it may sustain a quasi-de Sitter phase. At lowest order in the derivative expansion that defines the EFT, the dynamics of the solid is governed by the following action:
where F is some function of three independent operators: X, Y and Z. In this section we follow the notation of [68] for these operators. 12 These are chosen for convenience as the following functions of the Cayley invariants of the matrix B ij = ∂ µ Φ i ∂ µ Φ j : X = TrB, Y = Tr(B 2 )/X 2 and Z = Tr(B 3 )/X 3 . This choice of operators allows to write the energy density and the isotropic pressure of the solid only in terms of F and its variation with respect to X. Concretely: ρ = −F and p = F − (2/3)XF X . Therefore, the equation of state of the fluid, w, and the slow-roll parameter are related through F and F X evaluated on the background:
Inflation takes place if the relative variation of F with respect to X is small enough that < 1.
There are some peculiar aspects of inflation driven by the action (6.1) that make it potentially interesting in the context of PBH formation. First of all, the gauge invariant quantitites ζ and R evolve in time for k a H (unlike for standard inflation models) and are different from each other in this limit. Since PBHs form when sufficiently large fluctuations re-enter the "horizon" (k = a H) after inflation has ended, this super-horizon evolution has to be taken into account. The dynamics of ζ and R obeys the following system of equations at linear order in perturbations:
In these expressions c 2 L denotes the speed of propagation of longitudinal phonons in the solid and whose precise dependence on F and its derivatives will be discussed later. For the time being, it is enough to point out that although the background evolution is insensitive to Y and Z, the fluctuations around this background are not, due to c 2 L . The equations (6.3) are valid even if no slow-roll conditions are assumed. Combining them we can obtain a second order differential equation for each variable separately:
In the limit k → 0 both equations feature a non-derivative term that makes R and ζ evolve outside the horizon. Such a term is absent in the standard equations for a single scalar with a speed of sound c s = 1. In that case the evolution of R is given by:R + (3 − 2 s + 2 ) HṘ + c 2 s k 2 R/a 2 = 0, which is equation (3.3) for m = 0 and M = M P . Clearly, the non-derivative term of this equation vanishes in the limit k → 0. As discussed in [68] , the origin of the super-horizon behavior of the fluctuations in solid inflation can be traced back to the existence of a small anisotropic stress in the system. 13 The complications of describing PBH formation in solid inflation due to the super-horizon evolution of R and ζ can be partially simplified by assuming that the system satisfies generalized slow-roll conditions. In this regime and for k a H [68] :
where we are neglecting, subdominant, time-dependent contributions that are slow-roll suppressed. Leaving aside these time dependencies, the expression for R 2 is the same as that in "standard" single-field inflation with the replacement c s → c L = 1. However, quite remarkably, ζ 2 depends on the fifth power of c L . Thus, moderately small values of c L allow a significant enhancement of ζ with respect to R. Assuming that the slow-roll corrections to (6.7) are indeed negligible, the corresponding primordial spectra at horizon exit can give a good estimate of the spectra when inflation ends. The dimensionless spectrum for R is defined as
where the ensemble average |R(k)R(k )| = (2π) 3 δ (3) (k+k )P R (k), with k = |k| (and analogously for ζ). Therefore, with the aforementioned approximation:
This result, together with equation (2.23), implies that the evolution of ζ and R after inflation can have an important impact on the predictions of PBH formation in solid inflation. Indeed, the way in which inflation ends and the subsequent reheating process determine how the primordial fluctuations of ζ and R get converted into radiation fluctuations (and eventually to PBHs). As we have noted, an interesting property of (6.9) for PBH formation (in comparison to the standard case of a single field) is the high power of c L in the denominator of ∆ 2 ζ . This suggests that a not to small c L may be sufficient to generate a large PBH abundance, provided that the radiation density fluctuation inherits the enhancement of ∆ 2 ζ for c L → 0. Before discussing how this may occur, let us first see how a small c L can arise in solid inflation.
The longitudinal sound speed can be written as 
are, respectively, the speed of transverse phonons and the "adiabatic" sound speed c 2 a =ṗ/ρ. During slow-roll inflation, , | 2 | 1 can be achieved in various ways. One of them corresponds to the solid entering temporarily a phase in which it becomes approximately invariant under diffeomorphisms of the Φ i that preserve the internal volume, behaving as a quasi-perfect fluid, so that, in practice, c T 0. Then, we would also have to require 2 − 2 3, which implies (at least) a mild violation of slow-roll. Interestingly, if inflation does not end during that period, | 2 |, and the system actually undergoes a phase of approximate ultra-slow-roll [109] , characterized by −3
2 . This is similar to the way in which PBHs are formed in canonical single-field models which feature a very flat plateau; see e.g. [44] . In this situation, the slow-roll expressions (6.7) cannot be used reliably in general, although we still expect a significant enhancement of the fluctuations. In fact, for the single field case, it was found in [44] that the enhancement can be several orders of magnitude larger than what the slow-roll analysis would indicate.
In the model of solid inflation as proposed in [68] , inflation ends through a transition from a elastic solid to a perfect fluid. As we just mentioned, this is a phase that is invariant under internal diffeomorphisms that maintain the volume: Φ i →Φ i (Φ j ) with det[∂Φ i /∂Φ j ] = 1 and, consequently, the function F of (6.1) depends only on the determinant det B = (1−3Y +2Z)X 3 /6. In this regime, the longitudinal speed of sound is c 2 L = bF bb /F b , where b = √ det B and [110] :
From this equation, we see that ζ becomes constant, as expected, in the super-horizon limit [110] . It is straightforward to check that (6.12) can be obtained from (6.5) in the case of an "adiabatic" solid, i.e. one that satisfies c 2 L = c 2 a . Also, if this adiabaticity condition holds, the equation (6.4) for R becomesR
Assuming the generalized slow-roll approximation, we see from these equations that ζ and R for an effective perfect fluid are equal to each other up to a sign (and constant) for k H up to corrections that are of first order in (generalized) slow-roll. Therefore, once inflation inflation has ended there is a single degree of freedom ζ ∼ R that controls PBH formation when k ∼ H.
In reference [68] it is assumed that the transition from inflation to radiation domination (the reheating process) occurs so fast that to all effects can be considered instantaneous. The energy density of the solid is entirely transferred into radiation density, but since this happens instantaneously and the pressure of the inflationary solid is different from that of the radiation fluid, a discontinuity inḢ appears [68] . Using (6.3) we can express R in the solid phase as a function of ζ and its time derivative:
. (6.14)
Then, assuming that ζ transitions into the fluid phase smoothly -which is argued in [68] to be a good approximation for generalized slow-roll-this expression and the assumption of instantaneous reheating imply that R becomes discontinuous at the transition due to the behaviour ofḢ. This is used in [68] to conclude that the power spectrum of ζ right before reheating is a good approximation to the primordial spectrum inherited in the post-inflationary phase. Following this reasoning and using (2.23) we finally get
Therefore, with the above assumptions, the enhancement of the density contrast (in the TMG) for small c L goes as ∼ 1/c 2 s and does appear as a particulary interesting feature of solid inflation for PBH formation. However, it has to be remarked that the discontinuity inḢ is unphysical and arises just as a consequence of assuming that reheating is instantaneous. A detailed analysis of the reheating process is in principle required to determine how the physics of solid inflation gets imprinted in the radiation density contrast and thus into the formation of PBHs. 14 Even if we assume the validity of (6.15), there is a subtle (but important point) that needs to be looked at before naively using that expression for actual numerical estimates of PBH formation in solid inflation. The model is a derivatively coupled EFT, which therefore has an ultraviolet cut-off. Similarly to what happens with the standard EFT of inflation, this leads to a restriction on the smallness of the parameters ( and c L ) involved in determining the amplitude of primordial perturbations. Since the interaction terms in the Lagrangian for fluctuations appear divided by increasingly higher powers of c L as the number of derivatives grows, the cut-off must be proportional to a positive power of c L . Small values of c L (such as the ones expected of being capable of triggering PBH formation) imply a relatively low cut-off and we have to check whether the validity of the EFT becomes compromised. An order of magnitude estimate of the ultraviolet cut-off was done in [68] by comparing the size of the cubic and quadratic terms for fluctuations. Imposing that H (which is the main scale in the problem) has to be smaller than the cut-off, one obtains that the condition At the scales probed by the CMB there is no problem in applying the EFT since the right-hand side of the last inequality is very small: O(10 −7 ). The tensor-to-scalar ratio in solid inflation is:
This simply says that a large tensor-to-scalar ratio (compatible with the current bound) requires c 2 L 1 in the regime of validity of the EFT, which is fine. However, imposing
which as we already discussed is thought to be needed (assuming Gaussian perturbations) to account for all DM, we obtain that
This is not allowed because we are assuming slow-roll. 15 This result suggests that the EFT fails for the values of ∆ 2 ζ that are relevant for significant PBH formation and obtaining a large DM abundance. We can make a quick numerical estimate of how small ∆ 2 ζ has to be in order to comply with the slow-roll approximation and the EFT range for a moderately small c L . For instance, if we take 0.05, the expression (6.16) tells that ∆ 2 ζ has to be at most O(10 −6 ) for a c 2 L ∼ 0.1. This is a tiny amplitude in comparison to O(10 −2 ), specially taking into account that the PBH abundance is exponentially sensitive to it. Indeed, we can write an inequality similar to the one we obtained for the EFT of inflation, equation ( Whereas in the case of EFT of inflation the speed of sound squared has to be much larger than the square root of ∆ 2 ζ for consistency -see equation (4.2)-, in solid inflation the value of at PBH scales has to take a very large value.
As we discussed earlier in the context of the EFT of inflation, before ditching completely the hope of obtaining interesting and numerically sensible results for PBH formation in solid inflation, it has to be noted that the approximation of Gaussianity for the primordial fluctuations is most likely not applicable. Non-Gaussianities are actually one of the most interesting aspects of solid inflation and their strength grows for small values of c L . In fact, they can be remarkably large,
, which is the very reason why the EFT is in trouble for very small c 2 L . As we have already mentioned, large non-Gaussianities can affect importantly PBH formation and it is possible that a smaller value of ∆ 2 ζ than O(0.01) could be sufficient to generate a significant PBH abundance. In order to assess accurately the relevance of this point, a detailed analysis is necessary, because the effect depends on the specific non-Gaussian shape and, in principle, could also tend to disfavor PBH formation. Indeed, in solid inflation non-Gaussianities peak for squeezed Fourier triangles, which also happens for the "local" non-Gaussianity generated in the ultra slowroll case of a single field, which has been argued to oppose PBH formation [96] . However, since the non-Gaussianities of solid inflation are also sizable for other Fourier configurations, such as the orthogonal one, we cannot translate that result directly to this case. Moreover, given the exponential sensitivity of the PBH abundance to ∆ 2 ζ -inherent to the Press-Schechter formalismit is difficult to estimate an order of magnitude for the abundance without a fully tailored analysis.
To summarize, solid inflation has several distinctive features that make it interesting in the context of PBH formation: the super-horizon evolution of gauge invariant fluctuations, a possibly very strong dependence of the radiation density on the speed of sound of longitudinal modes, c L , and large non-Gaussianities that are enhanced for small values of c L . Further work exploring these aspects to extract numerically sound results is definitely worthwhile.
Conclusions
PBHs are currently a contending DM candidate in the region of low-masses that goes from 10 −16 M to 10 −14 M and possibly also from 10 −13 M to 10 −10.5 M . They are also potentially interesting as a probe of primordial physics at small distance scales that are inaccessible through the CMB. Moreover, the LIGO/Virgo detections of heavy BH mergers raises the obvious and yet unsettled question of their origin; whose full answer might not lie in a standard astrophysical processes. For all these reasons, elucidating the possible mechanisms of PBH formation and their implications for cosmology, astrophysics and high-energy physics is a timely matter.
PBHs may have formed in the early Universe when large local overdensities collapse due to their gravitational instability. In this paper we have focused on the case in which these overdensities are sourced by scalar fluctuations generated during inflation. In order for PBH production to be efficient, the amplitude of the scalar fluctuations has to be much larger than the one inferred at CMB scales, implying that a strong enhancement of the scalar power spectrum at smaller scales is required, typically 30 to 40 e-folds away from the CMB scales. Since in standard slow-roll inflation the scalar power spectrum is inversely proportional to the slow-roll parameter , most studies have focused on an approximate inflection point in the inflationary potential, which has the effect of slowing down the classical field evolution.
In this work we have taken a broader approach by considering a general quadratic action for primordial fluctuations, which encompasses a wide variety of inflationary models. Aside from , the action depends on other functions of time, whose variation may also lead to PBH formation. Concretely, we have considered the following action for the comoving curvature perturbation R:
which contains the speed of propagation of the fluctuations, c s , an effective Planck mass, M , and also an effective mass, m, for the fluctuations themselves. As explained in Section 3, each of these functions harbingers different kinds of physics during inflation, which could then be eventually probed through PBH detection. A varying c s generically arises if high order derivative terms are present in the action for the inflaton, whereas a time-dependent M implies the existence of certain non-minimal couplings between the inflaton and the Riemann tensor. Notably, and M are indistinguishable at the level of the action (7.1), but this degeneracy is broken by the background evolution. Finally, m 2 is absent in standard models for which R is conserved in the small k limit.
We have analyzed the possible dynamics encoded in (7.1) that can lead to an enhancement of the primordial spectrum, focusing mainly on the case m 2 = 0. Each Fourier mode is a linear combination of two different solutions, which we have characterized in detail using the WKB approximation. First, we have provided an expression, equation (3.19) , which generalizes the standard slow-roll approximation for the usually dominant (and constant) solution of R. Then, we have considered the possibility -of practical relevance for PBH formation-in which a bunch of Fourier modes undergoes several "horizon" crossings. By carefully matching the solution at each crossing, we are able to obtain an analytic expression which reproduces the main features of the spectrum and signals the origin of oscillations. We have also explored the conditions under which the usually decaying solution for R can become the dominant one. This occurs if a combination of slow-roll parameters, the friction parameter of equation (3.34), becomes negative. We have also written a general expression for the full solution, which allows to obtain recursively approximations of increasing precision to actual numerical result for R.
We have illustrated the different effect on the spectrum of primordial fluctuations with a phenomenological parametrization of the relevant functions of time. For example, we show how by synchronizing their variations its possible to produce a large enhancement from mild individual changes. Conversely, by separating them in time it is possible to get PBH production at different mass scales. We have also given a concrete toy model, based on DBI inflation, which can develop some of the key features on the evolution of R for adequate values of its parameters. Specifically, this example shows how the "decaying" mode can become the dominant one and how oscillations in the spectrum arise from multiple "horizon" crossings.
In the context of the (slow-roll) EFT of inflation of [56] , a small c s implies large interactions and a reduction of the strong coupling scale. We argue that this impedes a consistent calculation for large enhancements of the primordial amplitude. However, we point out that a modified dispersion relation, which arises in models such as the ghost condensate may allow to circumvent this conclusion, still within a consistent EFT perspective.
We have considered as well PBH formation in solid inflation, where again the consistency of the EFT clashes with a large amplification of the primordial fluctuations. This model is an example in which the scalar fluctuations evolve in the small k limit. In this respect, this provides an example of a model with m 2 = 0. Moreover, the primordial gauge invariant variables R and ζ -see equations (2.16) and (2.22)-differ from each other in this regime by a high power of the speed of propagation of longitudinal modes. It is then not obvious a priori which of the two should be used to describe PBH formation. The reheating process in solid inflation becomes relevant in this context, not only due to the non-constancy of the fluctuations for small k. but also because the standard assumption that is made to describe it [68] singles out ζ as the key variable.
We have also discussed in detail how these variables, ζ and R, are related to the energy density contrast -see equation (2.23)-in the appropriate gauge to describe the collapse, which we argue is the total matter (or orthogonal comoving) one, among other reasons because it leads to a well defined variance of the smoothed radiation density contrast.
We have stressed throughout the paper that most of our assumption of Gaussian primordial fluctuations. Including non-Gaussianities and, also, the effects of quantum diffusion [113] [114] [115] [116] are subsequent steps worth exploring.
Our work can be the basis for the construction of field theoretic models of inflation -beyond a minimally coupled single scalar-able to produce large abundances of PBHs from an enhancement of the primordial spectrum. Part of our analysis can also be used to describe smaller deviations from near-scale invariance that might be probed via CMB and LSS studies.
